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Cluster automorphism groups of cluster algebras of finite type0 

Wen Chang and Bin Zhu 
Dedicated to the memory of Andrei Zelevinsky 


Abstract 

We study the cluster automorphism group Aut{Jl) of a coefficient free cluster algebra ^ 
of hnite type. A cluster automorphism of yi is a permutation of the cluster variable set ^ 
that is compatible with cluster mutations. We show that, on the one hand, by the well-known 
correspondence between ^ and the almost positive root system of the corresponding 
Dynkin type, the piecewise-linear transformations t+ and t_ on induce cluster auto¬ 
morphisms /+ and /_ of respectively; on the other hand, excepting type Z) 2 „(n > 2), all 
the cluster automorphisms of .Zl are compositions of /+ and /_. For a cluster algebra of type 
Z) 2 „(n > 2), there exists an exceptional cluster automorphism induced by a permutation of 
negative simple roots in which is not a composition of t+ and t_. By using these re¬ 
sults and folding a simply laced cluster algebra, we compute the cluster automorphism group 
for a non-simply laced hnite type cluster algebra. As an application, we show that Aut(Jl) is 
isomorphic to the cluster automorphism group of the FZ-universal cluster algebra of 
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formations; Cluster automorphism groups; r groups. 

Mathematics Subject Classification. 16S99; 16S70; 18E30 


Contents 

1 Introduction 

2 Preliminaries 

2.1 Cluster algebras. 

2.2 Piecewise-linear transformations. 

2.3 Automorphism groups . 

3 Cluster automorphisms and piecewise-linear transformations 

3.1 T-transform groups. 

3.2 Cluster automorphism groups: non-simply laced cases . . 

4 FZ-universal cluster algebras 


Q 

3 

3 

5 

9 


10 

11 

15 


20 


1 Introduction 

Cluster algebras are introduced by Sergey Fomin and Andrei Zelevinsky in lfT3l ; it has been 
showed that these algebras are linked to various areas of mathematics, see, for examples, ifTTl 
and so on. However, as an algebra itself with combinatorial structure, it is 
natural and interesting to study the symmetries of a cluster algebra. For this, Assem, Schiffler 
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and Shramchenko f2j] introduced cluster automorphisms and the cluster automorphism group of a 
cluster algebra without coefficients. A cluster automorphism is an algebra automorphism which 
maps clusters to clusters, and commutes with the mutations. These concepts and some similar 
ones are studied in many papers Il25l 1211711^1^ [191 l22ll28l l9l[T0l. 

It is well known that the classification of indecomposable cluster algebras of finite type corre¬ 
sponds to the Cartan-Killing classification of simple Lie algebras, equivalently, corresponds to the 
classification of root systems in Euclidean spaces fTSll . More precisely, the set of cluster variables 
of is in bijection with the almost positive root set of the corresponding root system. 
Note that a cluster automorphism of is a permutation of the cluster variable set 3^, which com¬ 
mutes with cluster mutations, so it is natural to ask what is the counter-part on the almost positive 
root system Our first aim is to answer this question. For this we consider piecewise-linear 

transformations t+ and t_ on <l>>_i, which is introduced in |[T4l to prove Zamolodchikov’s period¬ 
icity conjecture that concerns Y-system ETII . A Y-system is a class of recurrent functions defined 
by a Carfan mafrix. These fwo fransformafions are kinds of ‘linearization’ of recurrence relations 
in fhe Y-sysfem. If is proved in iflTl fhaf fhe group generafed by t+ is a dihedral group, and 
fhe finifeness of yields fhe periodicify of fhe Y-sysfem. 

Under fhe correspondence befween 33 and 0>_i, fhe piecewise-linear fransformalion t+ on 0>_i 
induces a permufafion /+ of In subsection 13. II we show fhaf, bofh /+ and /_ give clusfer au- 
fomorphisms of J?l. Conversely, excepf fype D 2 „(n > 2), all fhe clusfer aufomorphisms of ^ are 
compositions of /+ and /_ (see Corollary 13.31 and Theorem 13.51) . and fhus Aut(3i) = Dr- For a 
clusfer algebra of fype D 2 nin > 2), fhere exisfs an exceptional clusfer automorphism induced by 
a permufafion of negative simple roofs in d)>_i, which is nof generafed by t+ and t_, and fhus 
Aut{^) = X Z2. 


The clusfer automorphism group of a simply laced clusfer algebra of finife fype is compufed in 
|2], by computing fhe aufomorphism group of fhe A7?-quiver of fhe corresponding clusfer cafe- 
gory. We sfudy fhe clusfer aufomorphism group in subsection 13.21 for a non-simply laced one by 
folding fechnique. The folding of a roof sysfem is a usual mefhod in fhe sfudies of Fie algebras 
and quanfum groups, if fransforms a simply laced roof sysfem to a non-simply laced one. The 
folding fechnique is also used fo sfudy clusfer algebras iflTl [1711261 . By using fhe resulfs obfained 
in subsection 13. II and folding a simply laced cluster algebra IfTTl (see arXiv:mafh/0512043v5 for 
an improved version of IfTTl '). we compute in Theorem 13.51 fhe clusfer aufomorphism group of a 
non-simply laced clusfer algebra of finife fype. 

For a coefficienf free clusfer algebra 3{, ifs universal clusfer algebra is infroduced in |[T6l . 
if is a universal objecf in fhe sef of clusfer algebras wifh principal part 3i, in fhe view poinf of 
coefficienf specialization. If follows from |'9] fhaf is gluing free, fhaf is, any fwo coefficienf 
rows in each exchange mafrix of are nof fhe same. Thus Aut{Jl‘‘''‘'’) c Aut{Jl). For a finife 
fype clusfer algebra, Fomin and Zelevinsky consfrucfed a universal clusfer algebra, which is a 
geomefric clusfer algebra wifh coefficienfs indexed by dual roofs in d)^>_i fltil . We call if fhe 
FZ-universal clusfer algebra, and prove fhaf Aut{Ji) = Aut{Jl™‘'’) in secfionlH 

The paper is organized as follows: we recall preliminaries on clusfer algebras, clusfer aufomor¬ 
phisms and piecewise-linear fransformafions in secfion |2 In section [3l we consider fhe relafions 
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between cluster automorphisms and piecewise-linear transformations, and compute the cluster 
automorphism groups of non-simply laced cluster algebras of finite type. We prove in section |4] 
the isomorphism between the cluster automorphism group of a cluster algebra of finite type and 
the cluster automorphism group of its universal cluster algebra. 

2 Preliminaries 

2.1 Cluster algebras 

We recall basic definitions and properties on cluster algebras in this subsection. 

Definition 2.1. I(T3^ ( Labeled seeds). A labeled seed is a triple E = (ex, fx, B), where 

• ex = {x\,X 2 , ■ ■ •, Xn} is a set with n elements; 

• fx = {xn+i, Xn+2,'' ^m] 1^ a Set with m - n elements; 

• B = (bxjXi)mxn £ is a matrix labeled by (ex U fx) x ex, and it is extended skew- 

symmetrizable, that is, there exists a diagonal matrix D with positive integer entries such 
that DB‘^^ is skew-symmetric, where B‘^^ is a submatrix of B consisting of the first n rows. 

The set x = ex U fx is the cluster of E, B is the exchange matrix of E. We also write bji to an 
element bx xi in B for brevity. The elements in x (ex and fx respectively) are the cluster variables 
(the exchangeable variables and the frozen variables respectively) of E. We also write (x, B) to 
a labeled seed (ex, 0, B). The labeled seed E“ = (ex, B“) is called the principal part of E. The 
rows of are called exchangeable rows of B, and the rest ones are called/rozen rows of B. We 
always assume through the paper that both B and are indecomposable matrices, and we also 
assume that« > 1 for convenience. Given an exchangeable cluster variable Xk, we produce a new 
labeled seed by a mutation. 

Definition 2.2. ifT] [7?]/f Seed mutations). The labeled seed = (pkiex), Pk{B)) ob¬ 
tained by the mutation o/E in the direction k is given by: 

• /rA:(ex) = (ex \ [xk)) U {x^} where 


Xkx[ = ]~[ Xp^ + ]~[ Xj 


; 

bjk>0 bjt<0 


• pkif^) = fx. 


• pk{B) = {b'.fmxn e Mm^niZ) is given by 


hnxn 


mxn 



^Ji 

hji + p\b ji\bik + bji\bik[) 


ifi = k or j - k 
otherwise. 


It is easy to check that the mutation is an involution, that is pkPk(ffi = T,. 
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Definition 2.3. n-regular patterns). An n-regular tree T„ is diagram, whose edges are la¬ 
beled by 1,2, • • • ,n, such that the n edges emanating from each vertex receive different labels. A 
cluster pattern is an assignment of a labeled seed 2; = (eXf, fx^, Bf) to every vertex t £ T„, so that 
the seeds assigned to the endpoints of any edge labeled by k are obtained from each other by the 
seed mutation in direction k. The elements ofT^t written as follows: 

eX( — ,..., Xfi’t), fXf — {Xii+i’f,..., Xmf), Bj — (.b-j). (1) 

Clearly fx^ = fxfor any t £ T„. Denote Xt - ex^ U fx^. Note that T is in fact determined by any 
given labeled seed on it. 

Now we are ready to define cluster algebras. 

Definition 2.4. U6\l ( Cluster algebras). Given a seed X and a cluster pattern T„ associated to it, 
we denote 

= \^Xt = [xi^t '■ t eTn , \ < i < m), (2) 

f6T„ 

the union of clusters of all the seeds in the pattern. We call the elements x^ £ ^ the cluster 
variables. The cluster algebra ^ associated with E is the Z-subalgebra of the rational function 
field f = Q(xi, X 2 , • • •, x^f), generated by all cluster variables: ^ We call the elements 

in fx the coefficients of^ We call the cluster algebra defined by the principal part ofJL 
Note that is coefficient free. 

Remark 2.5. 1. Since we consider geometric cluster algebras, the most of above concepts 

are slightly different from the ones in MW- In particular, all the coefficients are non- 
invertible in M. 

2. For the exchange matrix B in a labeled seed E = (ex, fx, B), one can associate it to an ice 
valued quiver Q{B) (Qfor brevity), whose vertices are labeled by cluster variables in x, 
with frozen vertices labeled by frozen variables, and arrows and values are assigned by B 
(see Example\J\ we refer to ^7^ for details). Then the principal part corresponds 
the principal part of Q, where Qf^ is a valued quiver. We define the mutation of Q at 
a vertex corresponding to x e ex by the mutation of B at x, that is, pxiQ) - Q{px{B)). We 
also write (ex, fx, Q) to the labeled seed (ex, fx, B), and write 2 Aq to the cluster algebra 
defined by E. 

Example 1. Let B be the following matrix, whose principal part is a skew-symmetrizable matrix 
with diagonal matrix D - diag{2,2, 1,1}. The quiver corresponding to B is Q, where we frame 
the frozen vertices. 


i 



( 2 , 1 ) 

Q : 1->2<- 


0 10 0 ' 
- 10-1 0 
0 2 0 2 
0 0-20 
000 - 1 , 


3 M - >\5i 
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Definition 2.6. ^(Gluing free labeled seeds). Let S = (ex, fx, B) be a labeled seed. We say 
that two frozen cluster variables Xj and Xk are strictly glueable, ifbji - b^ifor any exchangeable 
cluster variable x,. The labeled seed E is called gluing free, if any two frozen cluster variables 
are not strictly glueable. 

Gluing free labeled seeds are introduced in 0 to study cluster automorphisms of cluster algebras 
with coefficients. Note that a labeled seed is gluing free if and only if any two frozen rows of B 
are different. Then a mutation of a gluing free labeled seed is still gluing free 0. Thus we have 
the following well-defined gluing free cluster algebra. 

Definition 2.7. Gluing free cluster algebras). We say a cluster algebra is gluing free, if its 
labeled seeds are gluing free. 

Definition 2.8. Seeds). Given two labeled seeds E = (ex,fx, B) andTJ - (ex',fx',B'X we 
say that they define the same seed j/E' is obtained from E by simultaneous relabeling of the sets 
ex and fx and the corresponding relabeling of the rows and columns of B. 

We denote by [E] the seed represented by a labeled seed E. The cluster x of a seed [E] is an 
unordered m-element set. For any x € ex, there is a well-defined mutation //^^([E]) = [//^(E)] 
of [E] at direction x, where x = x^. For two extended skew-symmetrizable matrices B and B' 
of the same rank, we say B = B', if B' is obtained from B by simultaneous relabeling of the 
exchangeable rows and corresponding columns and the relabeling of the frozen rows. Then two 
exchange matrices are isomorphic if they are in labeled seeds representing the same seed, and 
an isomorphism of two exchange matrices induces an isomorphism of corresponding ice valued 
quivers. For convenience, in the rest of the paper, we denote by E the seed [E] represented by E. 

Definition 2.9. H16\l (Exchanse graphs). The exchange graph of a cluster algebra is the n-regular 
graph whose vertices are the seeds of the cluster algebra and whose edges connect the seeds 
related by a single mutation. We denote by the exchange graph of a cluster algebra J{. 

Clearly, the exchange graph of a cluster algebra is a quotient graph of the exchange pattern, its 
vertices are equivalent classes of labeled seeds. Note that the edges in the exchange graph lost 
the ‘color’ of labels. The exchange graph is not necessary a finite graph, if it is finite, then we say 
the corresponding cluster algebra (and its exchange pattern) is of finite type. The classification 
of cluster algebras of finite type is given in |[T3l . they correspond to finite root system. We will 
recall the correspondence in the next subsection. 

The following specialization is firstly considered by Fomin and Zelevinsky, and it is viewed as a 
kind of morphism between cluster algebras in fT]. We will use this concept in Lemma l2.21l and 
Theorem 14.21 

Definition-Proposition 2.10. ^76] [7]/ Let tR be a cluster algebra with a seed (ex, fx, B), and 
is the principal part of .R with a seed (ex, B“). We define S by S{x) = x for x £ ex and 
S (x) = 1 for X £ fx, then it induces an algebra homomorphism S' from R to RT^, we call it a 
specialization. 

2.2 Piecewise-linear transformations 

We recall bipartite seeds and piecewise-linear transformations of finite root system from ifldlfT^ . 
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Definition 2.11. Bipartite seeds). We call a (labeled) seed E = (ex, fx, B) bipartite, if the 
principal part of B = {bp) is bipartite, that is, there exists a map e : [l,?i] —> {1,-1} such 
that, for all 1 < /, j < n. 


bji > 0 => 


jeO') = 1, 

| e (0 = -1 . 


(3) 


For a square matrix B, its Cartan counterpart{see 1151(1.6)) is A = A{B) = {aij), where 


|2 if/ = i; 

\-\bij\ if i + f 


(4) 


It is proved in ifTSl (Theorem 1.4) that a cluster algebra is of finite type if and only if there exists 
a seed of the cluster algebra, such that the Cartan counterpart of the principal part of its exchange 
matrix is a finite type Cartan matrix. In this subsection we always assume that E = (x, B) is a 
bipartite seed without frozen variables, such that A(B) is a finite type Cartan matrix. Then the 
valued quiver 2 is a bipartite quiver, that is, any vertex of 2 is a source or a sink. 


Note that if bij = 0, then pipj = pjpi, thus we have the following well-defined compositions of 
mufafions on E: 

l^+= W Bk, B-= ]~[ W ■ (5) 

s{k)=l sik)=-l 

Clearly, p+ is an involution, and p±{B) - -B, fhus /r±(E) is also a bipartite seed. 

Definition 2.12. HES f Bipartite belt) For r > 0,we define 


E, - (x„ (-l)'B) = • • •/r_/i+/r_(E); (6) 

r factors 

E_, - (x_„ (-l)'-B) =p^-- •/r+/i_/r+(2:). (7) 

r factors 


We call the belt consisting of these seeds E^ = (x, , (-1)''B) the bipartite belt Denote = 

{xi-r, ■ ■ ■ , Xn;r)for each 'Lr- 


For fhe Cartan mafrix A, write IT = {a\,a 2 , • • • , q;«} to the set of its positive simple roots, with 
root lattice E = ZII. Define (l)>_i as fhe almosf posifive roof system, if consisfs of fhe posifive 
roofs and fhe negative simple roofs of A. For any i € [l,n] = {1,2, ■■ ■,n}, Si is fhe simple 
reflection in fhe corresponding Weyl group IT, fhaf is, sfaj) = a j - aijai for each j e [1, n]. The 
Coxefer number of W is h, and fhe longesf elemenf is wq. We denote a roof a by [a : afaj, 
where [a : af is fhe coefficienl of a corresponding fo fhe positive simple roof aj. For each 
elemenf a - liy=i[Q' • in we define a vector d(a) = {{a : ai]+, •••,[»: Q'„]+) e E, 
where [a : ay]+ = max{{a : ay],0). Then by fhe classificafion of finite fype cluster algebras 
IfTSll . (Theorem 1.9), 


a 


Xry — 


Pqjx) 

jd(Q') 


( 8 ) 


gives a one-fo-one correspondence befween almosf posifive roofs in <l)>_i fo fhe clusfer variables 
of M, where is a polynomial wifh non-negative integer coefficienls. 
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Definition 2.13. /T/?!/ A piecewise linear transformation cri E ^ E is defined by: 


o-fa) ^ 



if a = -aj + -ait 
others. 


( 9 ) 


Then for a root or = ZyeiLa : 


[cr,(cr) : a,v] = 


I [O' : a A 


if /' i\ 


-[a : ai\ - aifia : cry]+ if /' ^ i. 


( 10 ) 


From the definition, cr,o-; = cycr,- when s{i) = s{i), and we define 


T±= Yl 
£(()=±1 


It is easy to check that 


\[a :ai] if e(i) + s; 

[Tefa) : a,J = < 

[-[a : a,] - aijla ■ aj]+ if £(/) = e. 
The following lemma can be checked straightforwardly: 

Lemma 2.14. [Proposition 2.4 lfT4l 1 


L Both transformations t+ and t_ are involutions, and preserve d>>-i; 
2 . The bijection a a'^ between 0>_i and 0^>_i is t± equivariant. 


( 11 ) 


Example 2. Let d) be a root system of type A 2 . We assume that £(1) = 1 and e{2) = -1. Its 
almost positive root system 0>_i is depicted as follows: 


a2 a\ + 02 



Then t+ - o'l and t_ = cr2 act on 0 >_i in the following way: 


cr 1 cr2 (T \ (72 

-O'l <-^ a\ i -^ a\ + 02 < - > O'l < - > —02 

V V 

O'l cr 1 


We denote by Dr the group generated by t+ and t_, it is a subgroup of the symmetric group of 
0>_i, and we call it the T-transform group of d)>_i. 
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Lemma 2.15. [Theorem 2.6 lfT4]l 1 


1. Every D-orbit in <l)>_i has a nonempty intersection with —IT. More specifically, the corre¬ 
spondence Q I— > O n (-11) is a bijection between the D-orbits in 0>_i and the < -a»o >- 
orbits in (- 11 ). 

2. Dt is a dihedral group of order Qi + 2) or 2{h + 2). The order of T-T^ is equal to (h + 2)/2 
ifwo = - 1 , and is equal to Qi + 2 ) otherwise. 

Then we have table [T] on the r-transform groups. 


Dynkin type 

Wo = - 

-1 

Coxeter number 

T-transform group 


No 


n - 1 - 1 

^n+3 

Bn 

Yes 


2n 

^n+l 

Cn 

Yes 


2n 

^n+l 


In odd 

No 

2{n - 1 ) 

1 D 2 n n odd 

Dn 

In even 

Yes 

1 n even 

Ee 

No 


12 

Du 

El 

Yes 


18 

Dio 

E, 

Yes 


30 

Die 

Ea 

Yes 


12 

Di 

Gi 

Yes 


6 

Da 


T 


Table 1: The r-transform group of finite type almost positive root system 


Definition 2.16. [Definition 10.2 |[T^ 1 For any i e [1, n], and m such that e{i) = (-1)™, we define 
d(/; m) e E, by setting, for all r ^ 0.' 


d(/; r) ^ T_T+ • • • Te(;)(-a,) for s{i) ^ (-l)^• 
r factors 

d( 7 ; -r - 1 ) = T+T_ • • • for s{j) = (- 1 )''“^ 


By ifT^ (Proposition 9.3), 


and 


r factors 

^>>-1 = |_| |_| d(/;r) 


jd(/; -h -2) = -ai- if e(/) = (- 1 )^; 

|d(7; h + \)^ -Of if eU) = (- 1 )'*“^ 

where i i-> i* is the involution induced by the longest element wo€W: >vo(Q'i)--<r,- 


( 12 ) 

(13) 

(14) 

(15) 


Lemma 2.17. [Corollary 10.6 III 6 II I Each cluster variable Xi-r on the bipartite belt \2.12] can be 
written as 

A>(x) 

where Pi-r is a polynomial with non-zero constant term. 








2.3 Automorphism groups 

In this subsection, we recall the cluster automorphism group of a cluster algebra, and the auto¬ 
morphism group of the corresponding exchange graph. Firstly we define cluster automorphisms, 
which are introduced in l2l for cluster algebras without coefficients, and in f9l for cluster algebras 
with coefficients. 

Definition 2.18. f^l^l/fCluster automorphismsj For a cluster algebra J{ and a Z-algebra auto¬ 
morphism f : Jl ^ Ji, we call f a cluster automorphism, if there exists a labeled seed (ex, fx, B) 
ofJi such that the following conditions are satisfied: 

1. /(x) = /(ex) U /(fx) is a cluster, where /(ex) is the exchangeable part and /(fx) is the 
frozen part; 

2. f is compatible with mutations, that is, for every x e ex and y ex, we have 

f{Mx,x(y)) ^ lif{x),f{x)(f(y))- 

Then a cluster automorphism maps a labeled seed E = (ex, fx, B) to a labeled seed E' = (ex', fx', B') 
Note that in a labeled seed, the cluster is an ordered set, then the second item in above defini¬ 
tion yields that B' = B or B' = -B. In fact, under our assumption that both B and B‘’^ are 
indecomposable, we have the following 

Lemma 2.19, iEJEl/A Z-algebra automorphism f : Fi is a cluster automorphism if and 
only if one of the following conditions is satisfied: 

1. there exists a labeled seed E = (ex, fx, B) of 2R, such that /(x) is the cluster in a labeled 
seed E' = (ex', fx', B') of FI with B' - B or B' = -B; 

2. for every labeled seed E = (ex, fx, B) of FI, fix) is the cluster in a labeled seed E' = 
(ex', fx', B') with B' = B or B' = -B. 

We call this cluster automorphism such that B - B' {B - -B' respectively) the direct cluster auto¬ 
morphism (inverse cluster automorphism respectively). Clearly, all the cluster automorphisms of 
a cluster algebra Fi compose a group with homomorphism compositions as multiplications. We 
call this group the cluster automorphism group of Fi, and denote it by Aut(Fl). We call the group 
AuFiFl) consisting of the direct cluster automorphisms of FI the direct cluster automorphism 
group of Fi, which is a subgroup of Aut{Fl) of index at most two ill 0. 

Definition 2.20. (Automorphism of exchange graphs )lj^ An automorphism of the exchange graph 
of a cluster algebra Fi is an automorphism of as a graph, that is, a permutation cr of the 
vertex set, such that the pair of vertices (u,v) forms an edge if and only if the pair (cr(u),<T(v)) 
also forms an edge. 

It is clear that the natural composition of two automorphisms of is again an automorphism of 
E^. We define an automorphism group Aut(E^) of as a group consisting of automorphisms 
of E^ with compositions of automorphisms as multiplications. 


Lemma 2.21. Let Fibe a finite type cluster algebra with a seed (ex, fx, B), and FE^ is the prin¬ 
cipal part of Fi with a seed (ex, Let S' be the specialization from Fi to FE''. Assume that Fi 
is gluing free, then 
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1. for a cluster automorphism f of ^ the map S' o f\^^ : x —> S'{f(x)) induces a cluster 
automorphism of and thus Aut{^) c AutiJi"''^); 

2 . a cluster automorphism of 2 R maps clusters to clusters, and induces an automorphism of 
exchange graph E^, moreover, Aut{2R) £ Aut{E^). 

Proof These two statements are proved for cluster algebra defined by extended skew-symmettic 
mattix in Theorem 3.16 and Theorem 3.14 in f9] respectively. The key points of those proofs are 
as follows: 

1. Clusters of J{ determine the seeds. Therefore, the vertices of the exchange graph are (un¬ 
labeled) clusters of 2 R. 

2. The exchange graph E^ is independent on the choice of coefficients, that is, for another 
cluster algebra Jl' with the same principal part as Jl has, there is a canonical isomor¬ 
phism E^ = E'^. 

3. J?1 is gluing free. Thus there are no symmetries of M induced by permutations of the frozen 
cluster variables of Ji. 

Now, note that these first two properties are also true for skew-symmetrizable cluster algebras of 
finite type (see in ifTSl ). Thus the proofs are similar to the proofs in fj']. □ 

Remark 2.22. Generally, even for a coefficient free cluster algebra 2R, the group Aut(2A) may 
be a proper subgroup of Aut{E^), for example, cluster algebras of types B 2 , C 2 , G 2 and E 4 (see 
Example 2 m). However, it is proved that these two groups are isomorphic with each other, 
if 2R is of finite type, excepting types of rank two and type E 4 (Theorem 3.7 in ifTOl/ ). or is of 
skew-symmetric finite mutation type (Theorem 3.8 in UlOV ). 

In the end of this section, we list the cluster automorphism groups of simply laced cluster algebras 
of finite type in tabled These groups are computed in f23 by using the cluster category. 

Dynkin type Cluster automorphism group Aut(!R) 

Afi T)n+s 


D4 

D4X S3 

Dn(n ^ 5) 

D„ XZ 2 

Ee 

Di4 

El 

E>io 

Es 

Die 


Table 2: Cluster automorphism groups of simply laced cluster algebras of finite type 


3 Cluster automorphisms and piecewise-linear transformations 

Firstly, in this section, we consider relations between cluster automorphism groups of coefficients 
free cluster algebras of finite type and the corresponding r-transform groups. Then we compute 
cluster automorphism groups for non-simply laced coefficients free finite type cluster algebras. 
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3.1 T-transform groups 

In this subsection we fix a coefficient free cluster algebra JK of finite type. As mentioned in 
Lemma I2.21[ an (ordered) cluster of ^ determines the (labeled) seed. For an ordered cluster 
X of we denote by S(x) (B(x), 2 (x) respectively) the labeled seed (exchange matrix, quiver 
respectively) determined by x. Now, let E = (x, B) be an initial labeled seed of We always 
assume that S is bipartite, and the Cartan part A(B) of B is a finite type Cartan matrix. By Q we 
denote the valued quiver of B. Since E is bipartite, the orientation of Q is unique up to exchanging 
the sources and the sinks. Recall that <l>>_i is the almost positive root system of A(B), is the 
T-transform group of 0>_i. Then under correspondence ([ 8 ]), the cluster x is indexed by negative 
simple roots in d)>_i. 

Theorem 3.1. The transform t+ induces an inverse cluster automorphism of Specifically 
speaking, /± : i—> Xr^{a) induces an algebra homomorphism of such that /(x) is a cluster of 

JA with B{f{x)) - -B. 

Proof We only consider the case of t_, similar proof can be made for t+. Firstly we notice that 
on the bipartite belt defined in 12. 121 the cluster variables satisfy the following relations: 


Xv2r+\ - Xi-2r for £(/) - 1, T € Z; (16) 

Xj-2r-i = Xi-2r for s{j) = -I, r € Z. (17) 

Thus X 2 r = {xi- 2 r,Xj- 2 r-\ I e(0 - l.e(7) - “I), and = [Jrez'^ 2 r is the set of all the cluster 
variables on the bipartite belt. We define a map /_ on x = {x\p, • • • , Xn-p] by 


f-iXi-fl) 


Xi-fl ife(0 = l; 

p-ixip) ife(/) = -l. 


(18) 


Then /(x) is the cluster of the labeled seed /i-(E), and B(/_(x)) = -B{x). Thus from Lemma 
12.191 /_ induces an inverse cluster automorphism of JA, which we denote also by /_. Now we 
show that /_ is in fact induced by t_, or equivalently, for any cluster variable Xa £ JA, we have 


f-(Xa) = Xr_(a). (19) 

Due to (fT4b and l2.171 the set of all cluster variables lies in the bipartite belt, that is, ^ contains all 
the cluster variables of JA. Therefore we only need to prove ([7^] ) for each element in '3^. On the 
one hand, since /_ is a cluster automorphism, it induces an automorphism of from Lemma 
12.211 2'). Specially, by viewing the bipartite belt as a subgraph of E^, /_ induces an automorphism 
of the bipartite belt. By comparing the cluster variables, it is easy to see that this automorphism is 
in fact a reflection of the bipartite belt, such that /_(E 2 r) = Z_ 2 r+i and /_(E_ 2 r+i) - E 2 r for r ^ 0 
(for example, see Example [3] for the case of type A 3 , see Example |4] for the cases of type B 3 and 
type C 3 ). Under this automorphism, /_ induces a permutation of 3^ as follows: 

^ . {xv,-2r+i Xipr if e(0 = l,r^0; 

\jc;;-2r+i Xi;2r if e(0 = -l,r^0. 

By using equalities (fTfil) and (fTTI) . the above permutation is equivalent to the following one: 


jxr-2r Xi;2r if e(0 = 

\xi--2r+l ^ Xipr-I if e(i) = -\,r>0. 


( 21 ) 
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On the other hand, by Definition l2.16[ t_ induces a permutation on 0>_i : 



|d(/; -2r) d(/; 2r) if e{i) = 1, r > 0; 

|d(/; -2r + 1) d(/;2r - 1) if s{i) - -I, r^O. 


( 22 ) 




given in Lemma [2.171 we know that the permutation of /_ on <3^ coincides with the permutation 
of T_ on 0>_i. Therefore we have equality (fT^ for any cluster variables of 2R. Thus /_ is induced 


by T_. 


□ 


Corollary 3.2. Dj c Aut{2R). 

Proof. It follows from Theorem 13.11 that t+ induces a cluster automorphism /+ in Aut{^). To 
prove that Dj is a subgroup of Aut{^), we show that =< /_,/+ >. Note that a cluster 
automorphism in </_,/+ > is an identity if and only if its action is an identity, if and only if 
the corresponding element in is an identity. Thus we know that the relations in </_,/+ > 
correspond to the relations in < t_, t+ >. Therefore =< /_,/+ >£ Aut{2R). □ 

We can see from Lemma 12.151 (and table [T]l that is a dihedral group with two generators, one 
is a reflection t_ (or t+), the other one is a rotation t_t+. Then the order of t_t+ determines 
Dr- In order to find the relations between and Aut{J{), we consider the corresponding element 
/o /_/+ in Aut{J{). If wq = -1, then (t_t+)^ = 1, and thus /o = (/_/+)^ is an identity. If 
Wo ^ -1, then (t_t+)^‘^^ = 1, while (t_t+)¥ \ {h € 2Z) or t+(t_t+)^ \ {h € 2Z + 1). 

Thus /o = (/_/+)~ or /o = /+(/_/+)~ is not an identity, and by Theorem l3.1l and equality (fTSl) . 
the images of initial cluster variables in x are given by the action of longest element wq in Weyl 
group: 



(23) 


Therefore /o maps the initial seed to itself, and induces an automorphism of the initial quiver. We 
now consider the specific action of /o on of a given Dynkin type. 

Case I, type A 2 „(n >1). The underlying graph of Q is: 

1-2- • • • - 2n - 1-2 n 

This is the only Dynkin type such that /j € 2Z + 1. Here wq -1, and it induces a permutation of 
-H: 


-ai -a2n 

-02 -ain-l 


(Xn ^ 


This permutation corresponds to a permutation of initial cluster variables given by /o = /+(/_/+) ~, 
which induces a cluster automorphism. Note that this cluster automorphism makes a reflection 
on Q, exchanging the sources and the sinks, thus it is an inverse cluster automorphism. 

Case II, type A 2 n+i{n ^1): 
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1-2- • • • - In - 2 n+ \ 


In this case, wq t -1, it induces a permutation on -IT by: 

-a\ -ain+i 

-a2 -a2n 


®«+l ^ ®n+l 

This permutation corresponds to a permutation of initial cluster variables given by /o = /+(/_/+) ^, 
which reflects Q at the central point of Q. Notice that this reflection maintains the sources and 
the sinks of Q. Therefore /o is a direct cluster automorphism. 


Case III, type D 2 „(n ^ 2): 


1 - 2 - 


2n - 1 

- 2 n-2 ^ 

2 n 


In this case, exchanging initial cluster variables x-a 2 „-[ x-ce 2 „ induces a direct cluster auto¬ 
morphism /' of Aq, where: 


f{X-a,-) ^ < 


-O'/-! 


X-, 


«/+l 


X-n 


if i = 2n; 
if / = 2n - 1; 
otherwise. 


(24) 


Notice that wq = -1, thus by Lemma l2.141 the orbits of -Q' 2 «-i and -a 2 n under the action of 
are different. Therefore /' does not belong to D^. Moreover, it is clear that /' commutes with 
elements in D^, thus 

DrX < f >c Aut{J{), (25) 


particularly. 


DrXSs c Aut{2A) if n - 2', 
Dt X Z 2 c Aut{2R) ifn + 2. 


(26) 


Case IV, type D 2 n+\{n ^ 2): 


2n -I- 1 


1 - 2 - 


2n - 1 


2 n 


The longest element wq 7 ^ -1 induces a permutation on -11 by: 


-a\ 


-Qfl 

-Q'2 


—Q'2 

-0!2n-\ 

<r-> 


~(X2n 

<r-> 

-0;2n+l 
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Then /o is a direct automorphism of with exchanging cluster variables x-a^,, and x_a 2 „+i ■ 


Case V, type E(^\ 


1-2 


6 


-3-4 


5 


In this case, wq 7 ^ -1 induces a permutation of -IT: 

-ai —a^ 

- q '2 ^ —0:4 

-03 <r^ -03 

-06 -06 

The corresponding cluster automorphism /o is direct, and the corresponding automorphism of Q 
is a reflection with respect to the center axis of Q. 


Case VI, types E-i,E%,Bn,Cn,F 4 , 02 '- In these cases, wq = -1, /o = 1, and the automorphism 
group of Q is trivial. 


Finally, from above discussions and by comparing table [2] of cluster automorphism groups of 
simply laced finite type cluster algebras and table [Hof r-transform groups, we have the following 
corollary. It is worth to note that for the even integer 2{2n + 1), we have an isomorphism of 
dihedral groups: D 2 ( 2 „+i) = T> 2 „+i x Z 2 . 

Corollary 3.3. L Eor cluster algebras of types An{n ^ 2), D 2 n+\(n ^ 2), E^, £ 7 , E^, we have 

Aut{2R) = Dp, 

2 . for cluster algebras of type D 2 n{n 2 ), we have 

Aut{2A) = Dr X Z 2 ', 


3. for cluster algebra of type D 4 , we have 

Aut{2R) = Dr X S 3 . 


We will use the same notation Dr to denote the group < /_,/+ >. Then any element cr in Dr 
maps E to a bipartite seed of 2R, with the exchange matrix isomorphic to B or -B. We denote it 
by cr(S). 

Example 3. We consider the cluster algebra .91 of type A 3 with initial labeled seedl, = ({xi, X 2 , X 3 }, 0, 

where Q is 1-s- 2 -3 . Then its exchange graph E^ is depicted in Figure [7] Note that 

there are three quadrilaterals and six pentagons in The seeds E, Ei, E 2 , E 3 , E 4 , E 5 in the bi¬ 
partite belt (jd]) are depicted in the figure. By Corollarv \3.3\ and Lemma \2.21\ Dr = D^ Q Aut{E^. 

The cluster automorphism /_ G Dr is defined by: 


Xl i-> Xl 


/-■i 


X2 1 -^ B2{X2) 


X3 X3 
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E4 



<■-■> 

/o 


Figure 1: The exehange graph of a cluster algebra of A 3 type 


It maps S to El, and induces a reflection with respect to the horizontal central axis of E^. The 
cluster automorphism f+ £ maps E to E 5 , and also induces an automorphism of E^. The 
cluster automorphism /o = /+/- is defined by: 


xi 1-^ X3 


/o: 


X2 ^ X2 


X3 1-^ Xl 


It maintains the bipartite seeds of IR, and induces a reflection with respect to the vertical central 
axis of Eji- The group AuflIR) = Dg can be viewed as the symmetry group of the bipartite belt 
consisting o/{E,Ei,E 2 ,E 3 ,E 4 ,E 5 }. In fact the automorphisms induced by /_ and f+ generate all 
the automorphism of E^, that is, we have Aut{J{) = Aut{E^), see Example 3 in / liOl/ . 


3.2 Cluster automorphism groups: non-simply laced cases 

In the this subsection, we will firstly recall the folding of a root system and the folding of a cluster 
algebra from ifldlfTll . and then use them to compute the cluster automorphism group of a non- 
simply laced finite type cluster algebra. 

Let E = (x, B) be a simply laced finite type seed, which E defines a cluster algebra JA. We assume 
that E is a bipartite seed with A(B) of finite type. Denote by fl and O the set of simple roots and 
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root system of A{B) respectively. The quiver of B is Q, with a vertex set I. We write 1+ and I_ 
to the set of sources and the set of sinks of Q respectively. Denote by G{Q) the group of (direct) 
automorphisms of Q, then every automorphism in G{Q) preserves the sets 1+ and I_. We list 
these groups in table [3l 


Dynkin type Automorphism group G{Q) 


A2n{n > 1) 

{id} 

A2«+i(n ^ 1) 

Z2 

Da 

53 

Dn{n ^ 5) 

Z2 

Ee 

Z2 

El 

{id} 

Es 

{id} 


Table 3: Automorphism groups of bipartite quivers of simply laced finite type 


Let I = I/G(2) be the orbit set of G{Q) on I. Denote by tt : I ^ I the canonical projection, 
denote also by n the projection of Laurent polynomial rings: 


Z[x? : / e I] 


i G I] 




n{i) 


(27) 


An element g € G{Q) defines an automorphism on Z[xf : / e I] by: 

gxf = (28) 

for any i € I. The quofienf mafrix B = n{B) = BIG{Q) = ibij)ixi is defined, for any i,j € I, by: 


kei 

where j is an elemenf in j, since G{Q) is an automorphism group of Q, fhe definition is indepen- 
denf on fhe choice of j. Then B is a symmetrizable Carfan mafrix of finife fype, and fable 0] shows 
fhe specific correspondences. We call above process a folding of a mafrix IITTII . For fhose simply 
laced Dynkin fypes which do nof appear in fhe fable, fheir aufomorphisms are frivial, fhus fhe 
foldings are also frivial. Denofe by Q, d), fl and Z = (x, B) fhe (valued) quiver, fhe roof sysfem, 
fhe sef of simple roofs, and fhe seed corresponding to B respecfively. The seed Z defines a clusfer 
algebra Jl. By linearify, we exfend fhe surjecfive map —> Tf^ : a-A i-> to a surjection 

—> O^, and denote it by n. Then we have surjections tt : O —> O : {n{a)y i-> n{a^) and 
TT : <i>>i —> d>>i. Moreover, n and t are commute: n o t+ = t± o n (see in fT4l '). 

We say that a seed Z' = (x',B') of ^ is G(0-invariant, if for any i € I and g e G{Q), we 
have gx( = xG, where gx-. is defined in (1281) (this definition is for quivers of Dynkin type, for 

the general case, we refer to IfTTI l. For a G(2)-invariant seed Z' = (x',B'), we define a seed 
7r(Z') = (n'(x'), ^{B')), where 7t{x') and 7r(B') are given by (1271) and (1291) respectively. In particular, 
the initial seed Z is G(2)-invariant, and n'(Z) = Z. 
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Dynkin type of B Dynkin type of B 

^2n—\iB ^ 2) Bfi 

Dn+i(n^4) C„ 

Ee F4 

D4 G2 


Table 4: Folding correspondences of Dynkin types 


Lemma 3.4. / liil/ The map n induces a bijection between the G{Q)-invariant seeds of ^ and 
seeds of ^ particularly, 


n{3f{fk)) = 3f{fRy, (30) 

Tt{^) = ( 31 ) 

Theorem 3.5. We use above notations, where ^ is a non-simply laced finite type cluster algebra 
and ^ is the corresponding simply laced cluster algebra. 

1. An automorphism ofQ induces an automorphism ofJ{.Q, thus we view G(Q) as a subgroup 
ofAud^o). Then G{Q) is a normal subgroup of Aut{^Q). 

2. AutCn) = Aut{:A)IG{Q). 

3. Aut{2Ty) is isomorphic to its r-transform group: Aut{M) = D^. 

Proof 1. It is clear that an automorphism of Q induces an automorphism of J{q, now we 
show that G{Q) is normal. If Q is of type A 2 n+]_{ri ^ 1), type D 2 n+i{n > 2) or type Fg, 
then G{Q) = Z 2 . In fact from discussions in Case II, Case IV and Case V respectively, 
the non-trivial automorphism of Q is induced by /q. Note that in these cases, < /o >= Z 2 
is a normal subgroup of D^. Thus G{Q) is a normal subgroup of AutiJlg) = If Q is of 
type D 2 nin > 2), then from Case III, G{Q) = Z 2 =< /o > is the second part in the direct 
product Auti^Jig) ^ Dr X Z 2 , thus G{Q) is a normal subgroup of Aud^g). Similarly, if Q 
is of type D 4 , G(Q) = Sa is a normal subgroup of Aud^g) = Dr xSj. For the cases of Ei 
and Fg, G{Q) is trivial. Thus we also have the conclusion. 

2. To prove the statement, we only need to notice the following two observations: On the one 
hand, every seed Z' of JH, with quiver isomorphic to Q or Q°p, is G(2)-invariant, and the 
quiver of n{%') is isomorphic to Q or Q°p respectively. On the other hand, the preimage of 
a seed of 2 R, with quiver isomorphic to Q or QfP, is a seed of with quiver isomorphic to 
Q or Q’P respectively. Then Lemma l2.19l vields that a cluster automorphism of induces 
a cluster automorphism of 3R, and conversely any cluster automorphism of 2 J\. is induced 
from a cluster automorphism of 2R. Moreover, it is easy to see that a cluster automorphism 
of 3R is trivial if and only if it is induced from an element in G{Q) c Aut{^). Therefore we 
have Aut{2R) = Aut{2R)IG{Q). 

3. By comparing the group Aut{^)IG{Q) and the r-transform group Dr of in table [TJ this 
follows from the second statement. 

□ 
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Figure 2 : The exehange graph of a eluster algebra of type B3 or type C3 
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Example 4. It is well known that the cluster algebras of type B„ and type C„ have the same com¬ 
binatorial structure. Originating at a bipartite seed E, the exchange graph of a cluster algebra 
of type B 3 or type C 3 is depicted in Figure^ where E, Ei, • • • are seeds on the bipartite belt 
©■ For the cluster algebra of type B 3 , the quiver of the initial seed E is 

( 2 . 1 ) 

1--3. 

For the cluster algebra of type C 3 , the quiver of the initial seed E is 

( 1 . 2 ) 

1--3. 

Then Aut{2TI) = Dj =< /-,/+ >= D 4 , where /_ maps E to Ei, /+ maps E to E 7 , however, 
fo = {f-f+)^ = 1, thus Aut{IR) is not the symmetry group of the bipartite belt. 

Corollary 3.6. Let IRbe a cluster algebra of finite type. 

1 If a quiver Q of 2R is bipartite, then its underlying diagram Q must be a Dynkin diagram. 

2 All the bipartite seeds are on the bipartite belt in Definition 12.721 more precisely, any 
bipartite seed is of the form @ or of the form (O. 

3 There is only one bipartite belt on E^. 

Proof. 1 If 2 is a tree, then from Proposition 9.3 in ifTSl . 2 is a Dynkin diagram. Assume 
that Q has a cycle Q' as a full subquiver. Since Q is bipartite, Q' is a bipartite cycle. Then 
Proposition 9.7 in ifTSl shows that Q' is not a quiver of finite type. This contradicts to the 
assumption that is a finite type cluster algebra. Thus 2 is a Dynkin diagram. 

2 Since a Dynkin diagram is a tree, it has only two kinds of bipartite quivers up to isomor¬ 
phism. Then it follows from the first statement that IR has only two kinds of bipartite 
quivers up to isomorphism, that is, the quivers in seeds ® and Q. Let Qhe. & bipartite 
quiver of R., then Lemma 12.191 yields that there must exist a cluster automorphism of R 
which maps 2 to a quiver in seeds © and (jT). Note that on the one hand. Lemma 12.21 1 
states that each cluster automorphism of R gives an automorphism of the exchange graph 
E^, on the other hand, as in the proof of Theorem 13.11 any element in induces an au¬ 
tomorphism of the bipartite belt in Definition 12.121 Thus Corollary 13.31 and Theorem 13.51 
yield that each cluster automorphism of R gives an automorphism of the bipartite belt in 
Definition l2. 121 Therefore Q must be in the seeds © and ©. 

3 This follows from the second part. 

□ 

Remark 3.7. In jl^, the authors compute the automorphism group of an acyclic skew-symmetric 
cluster algebra by computing the automorphism group of the AR-quiver of the cluster category 
m which gives a categorification of the cluster algebra. As it is shown in one can use tube 
category C to categorify cluster algebra R of type (similar for type C„ in HQSI)- Similar to ||2l, 
one can compute the cluster automorphism group of R by computing the automorphism group 
of the AR-quiver of C. We lift the cluster automorphism f+f- in r-transform group to the 
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AR-transform t ofC, where r is an auto-equivalent functor ofC. The functor t induces a rotation 
on the AR-quiver Qq ofC. Since Qc is a tube of rank n+ its automorphisms are only rotations 
and reflections, and in fact they are all induced by elements in D^. Thus by this way, we also have 
Aut{^) = Dr = Dn+l- 


4 FZ-universal cluster algebras 

For a cluster algebra with trivial coefficients, its universal cluster algebra is introduced in ifT^ 
(Definition 12.3). As a slight change of the universal cluster algebra, a universal geometric cluster 
algebra is defined in ESI , if is a geomefric clusfer algebra. Roughly speaking, a universal clusfer 
algebra is a universal objecf in fhe sef of clusfer algebras wifh fhe same principal parf, in fhe view 
poinf of coefficienf specializafion. A coefficienf specializafion is a ring homomorphism befween 
fwo clusfer algebras which commufes wifh mufafions in bofh clusfer algebras (see Definifion 
12.1 in HSl), if is a generalizafion of specializafion defined in Definifion 12. 101 Then a universal 
clusfer algebra is a clusfer algebra such fhaf for each clusfer algebra J{ wifh fhe same 

principal parf as there exists a coefficient specialization from to J?f. Just like any 

other mathematical object with universal property, a universal cluster algebra is unique in some 
sense (see section 12 in IThll ). Similarly, one can define a universal geomefric clusfer algebra, 
which has similar properfies as a universal clusfer algebra. We refer fo lfT^l23l l9l for fhe explicif 
definifions and fhe properfies of fhese algebras. The following resulf will be used in fhe proof of 
fhe main fheorem of fhis subsection: 

Lemma 4.1. Any universal geometric cluster algebra is gluing free. 

Proof This is similar fo fhe proof of Proposifion 3.9 in [9], where fhis is proved for universal ge¬ 
omefric clusfer algebras defined by extended skew-symmetric matrices. The outline of the proof 
is as follows. Assume that the universal geometric cluster algebra is not gluing free. Then, 
firstly, we divide the frozen cluster variables into disjoint strictly glueable sets. Secondly, we 
construct a new algebra from by specializing frozen cluster variables to 1, excepting one 
represent in each strictly glueable set (see the notion of strictly glueable in Definition 12.61) . In 
fact, J{' is a cluster algebra given by a labeled seed (ex, where B' is obtained from the 

exchange matrix B in a fixed labeled seed (ex, fx, B) of by delefing frozen rows, excepting fhe 
represenf row in each sfricfly glueable sef, and fx' is obfained from fx by delefing fhe correspond¬ 
ing variables. Finally, one can exfend fhe nafural injecfion from ex U fx' to ex U fx to a coefficient 
specialization to J?l. Then J?l' is another universal geometric cluster algebra with the same 
principal part as J?f. This contradicts to the uniqueness of the universal geometric cluster algebra. 
Therefore the universal geometric cluster algebra J{ is gluing free. □ 

For a cluster algebra with trivial coefficients, the existence of its universal cluster algebra is not 
clear at all. However, in IfThll (Theorem 12.4), S. Fomin and A. Zelevinsky prove that for a fi¬ 
nite type cluster algebra J{, there exists a universal cluster algebra we call it FZ-universal 

cluster algebra of Moreover is a geometric cluster algebra, and thus a universal ge¬ 
ometric cluster algebra. Let Z = (x, B) be a seed of where B = (6y,)ixi is bipartite and 
A(B) is of finite type. Then ^Qmiv has a seed Z'"”'' = (x'"”'’, B'""'') (see section 12 ifT^ ). where 
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fi"”''’ ^ (^Ji)(iuc^_,)xi is defined by: 


if7 el; 

|£( 0 [a'^ : if j - e 0 >_j. 


(32) 


Theorem 4.2. For the finite type cluster algebra J?l, we have Aut{^) = 

Proof. From Lemma 12.21 1 and Lemma l4~n is a subgroup of Aut{Jl). Thus we only 

need to show that Aut{^) c Firstly, we prove that Dr £ AMt(J?l“”'''), equivalently, 

both /_ and /+ induce cluster automorphisms of We only prove the case of /_, the case of 

/+ can be proved similarly. Considering the mutation we can see that acts on the 

principal part of 5"”"’, for any i, j € I, by: 


p-ibji) = -bji- 

Since X is bipartite, by the definition of B, we also check that: 

,r . ife(0^-l; 

P-{ba'^ ;) = <.,■' 

' \ba^j + i:k^j[ba-k]rbkj ife(0-L 

ife(0^-l; 

: aj] - ^ki=jbkj[a:'^ ■ a;'[]+ if e(0 ^ 1- 
= -£0')[T+(a^) : aj]. 


(33) 


(34) 


where the last equality is due to equality (fTTl) . As a permutation of 0 ^_j, t+ induces a permuta¬ 
tion of frozen rows of 5"”"’. Then the equality (1^ and the equality (1341) yield that, up to a sign 
P- preserves the principal part of and induces a permutation of frozen rows of 
and thus there is an isomorphism //_(B“”''') = under this permutation. 


Denote by x"”“’ = {xj, j € I; .r^v , e ) the initial cluster of define a map f'_ : x™''' ^ 
x"”"’ by: 

(■^t+(q''') if a 


Then ^ _pumv_ Therefore f'_ induces an inverse cluster automorphism of Sim¬ 
ilarly we define /+, which also induces an inverse cluster automorphism of Note that 

/_ = 5" o /^Ix, where S' is the specialization from jA™"’ to JA defined in Definition |2A0l Thus if 
- 1, then /_/+ = 1. Therefore Dr -< /-,/+ >£< f-,f+ >£ AMt(JA"”''’). If Dr = AMt(jA), 
then we have Aut{^) c AutiJF'"^'). Now assume that Dr £ AMt(JA), by Corollary 13. 3l and Theo- 
rem l3.51 JA is of Dynkin type D 2 n{n ^ 3) or of Dynkin type D 4 . For the type D 2 n(n > 3), exchang¬ 
ing initial cluster variables x-a 2 „_i and x_q- 2 „ induces a direct cluster automorphism / of jA (see 
(12^ 1. where the rank of / is two. We define a permutation cr of x™''' = {xy, j e I; x„v, } 

by: 


cr(xy) ^ ■ 


-Q' 2 «-l 


^ 2 n 


if j — (^2n » 
if 7 = -a 2 rt-i; 


if 2 = « 2 „; 

x„v if j = ai 






xy Otherwise. 
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Since and are symmetric in B(cr(x™''')) = Therefore cr gives a direct 

cluster automorphism /' of where the rank of f is two. Thus Aut{^) = D^x < / >c< 

fL,f+ > X < /' >c Similarly we can prove the case of type D 4 . Then Aut{J[) c 

Aut{^'^’^"’), and finally, we have Aut(Jl) = Aut{Jl‘‘'^‘''). □ 
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